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Abstract 

A system of commutative hyperbolic complex numbers in 2 dimensions is studied in this 
paper. Exponential and trigonometric forms are obtained for the hyperbolic twocomplex 
numbers. Expressions are given for the elementary functions of hyperbolic twocomplex vari- 
able. The functions of a hyperbolic twocomplex variable which are defined by power series 
are analytic. Relations of equality exist between partial derivatives of the real components a 
function of a hyperbolic twocomplex variable. The integral of a twocomplex function between 
two points is independent of the path connecting the points. A hyperbolic twocomplex poly- 
nomial can be written as a product of linear or quadratic factors, although the factorization 
may not be unique. 

1 Introduction 

A regular, two-dimensional complex number x + iy can be represented geometrically by 
the modulus p = (x^ + ip'Y^'^ and by the polar angle 6 = arctan(y/x). The modulus p is 
multiplicative and the polar angle 9 is additive upon the multiplication of ordinary complex 
numbers. 
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The quaternions of Hamilton are a system of hypercomplex numbers defined in four 
dimensions, the multiphcation being a noncommutative operation, jl| and many other hy- 
percomplex systems are possible, Q-Q but these interesting hypercomplex systems do not 
have all the required properties of regular, two-dimensional complex numbers which rendered 
possible the development of the theory of functions of a complex variable. 

A system of hypercomplex numbers in 2 dimensions is described in this work, for which 
the multiplication is associative and commutative, and for which an exponential form and 
the concepts of analytic twocomplex function and contour integration can be defined. The 
twocomplex numbers introduced in this work have the form u = x + 6y, the variables x, y 
being real numbers. The multiplication rules for the complex units 1, 6 are 1 ■ 6 = 6, 6'^ = 1. 
In a geometric representation, the twocomplex number u is represented by the point A of 
coordinates (x, y). The product of two twocomplex numbers is equal to zero if both numbers 
are equal to zero, or if one of the twocomplex numbers lies on the line x = y and the other 
on the line x = —y. 

The exponential form of a twocomplex number, defined for x + y > 0,x — y > 0, is 
u = pexp(5A/2), where the amplitude is p = (x^ — y^)^/^ and the argument is A = Intan^, 
tan^ = {x + y)/{x — y), < 9 < Tr/2. The trigonometric form of a twocomplex number 
is M = dVsin 26 exp{ (1/2)5 In tan 6}, where (P = x"^ + y^. The amplitude p is equal to 
zero on the lines x = ity. The division l/{x + Sy)is possible provided that p ^ 0. If 
ui = xi + 6yi,U2 = X2 + 6y2 are twocomplex numbers of amplitudes and arguments pi, Ai 
and respectively P2,^2, then the amplitude and the argument p, A of the product twocomplex 
number uiU2 = xiX2+yiy2+^{xiy2+yiX2) are p = piP2, A = A1-I-A2. Thus, the amplitude p is 
a multiplicative quantity and the argument A is an additive quantity upon the multiplication 
of twocomplex numbers, which reminds the properties of ordinary, two-dimensional complex 
numbers. 

Expressions are given for the elementary functions of twocomplex variable. Moreover, 
it is shown that the region of convergence of series of powers of twocomplex variables is a 
rectangle having the sides parallel to the bisectors x = ity . 

A function f{u) of the twocomplex variable u = x + 6y can be defined by a corresponding 
power series. It will be shown that the function / has a derivative limu^uy[/(n) — /(no)]/(ii — 
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uq) independent of the direction of approach of u to uq. If the twocomplex function f{u) of 
the twocomplex variable u is written in terms of the real functions P{x,y),Q{x,y) of real 
variables x,y as f{u) = P{x,y) + 6Q{x,y), then relations of equality exist between partial 
derivatives of the functions P, Q, and the functions P, Q are solutions of the two-dimensional 
wave equation. 

It will also be shown that the integral f(u)du of a twocomplex function between two 
points A, B is independent of the path connecting the points A, B. 

A polynomial + aiu""-*^ + • • • + Un-iu + a„ can be written as a product of linear or 
quadratic factors, although the factorization may not be unique. 

This paper belongs to a series of studies on commutative complex numbers in n dimensions. ||^] 
The twocomplex numbers described in this work are a particular case for n = 2 of the polar 
hypercomplex numbers in n dimensions. [|5|,[^ 

2 Operations with hyperbolic twocomplex numbers 

A hyperbolic complex number in two dimensions is determined by its two components {x,y). 
The sum of the hyperbolic twocomplex numbers (x, y) and (x', y') is the hyperbolic twocom- 
plex number (x + x',y + y'). The product of the hyperbolic twocomplex numbers (x, y) and 
(x', y') is defined in this work to be the hyperbolic twocomplex number (xx' -|- yy' , xy' + yx'). 

Twocomplex numbers and their operations can be represented by writing the twocomplex 
number (x, y) as u = x -|- 6y, where (5 is a basis for which the multiplication rules are 



Two twocomplex numbers u = x + 6y,u' = x' + 6y' are equal, u = u' , if and only if 
X = x' ,y = y' . If u = X + 5y, u' = x' + 5y' are twocomplex numbers, the sum u + u' and the 
product uu' defined above can be obtained by applying the usual algebraic rules to the sum 
(x -|- 5y) + (x' -|- 5y') and to the product (x -|- 5y){x' + 6y'), and grouping of the resulting 
terms. 



1-5 = 6, 5^ 



= 1. 



(1) 



u + u' = X + x' + 5{y + y') 



(2) 



uu = xx + yy + 5{xy' + yx) 



(3) 
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If u,u',u" are twocomplex numbers, the multiplication is associative 

{uu')u" = u{u'u") (4) 
and commutative 

uu = u'u, (5) 

as can be checked through direct calculation. The twocomplex zero is + 5-0, denoted simply 
0, and the twocomplex unity is 1 + 5-0, denoted simply 1. 

The inverse of the twocomplex number u = x + 5y is a twocomplex number u' = x' + 5y' 
having the property that 

uu =1. (6) 

Written on components, the condition, Eq. (^), is 

xx' + yv' = 1, 

(7) 

yx' + xy' = 0. 
The system (0) has the solution 

x' = ^, (8) 
y' = -^, (9) 

V 

provided that 7^ 0, where 

v = x^ - y^. (10) 
The quantity v can be written as 

V = Vj^V-, (11) 

where 

U4. = X + y, V- = X — y. (12) 

The variables will be called canonical hyperbolic twocomplex variables. Then a 

twocomplex number u = x + 5y has an inverse, unless 

v+ = 0, or V- = 0. (13) 



For arbitrary values of the variables x, y, the quantity v can be positive or negative. If 
z/ > 0, the quantity 

p = J, > 0, (14) 
will be called amplitude of the twocomplex number x + 5y. The normals of the lines in Eq. 



(|l^ ) are orthogonal to each other. Because of conditions (13) these lines will be also called 
the nodal lines. It can be shown that if uu' = then either u = 0, or u' = 0, or one of the 
twocomplex numbers u, u' is of the form x + 6x and the other is of the form x — 5x. 

3 Geometric representation of hyperbolic twocom- 
plex numbers 

The twocomplex number x + 5y can be represented by the point A of coordinates (x,y). If 
O is the origin of the two-dimensional space x, y, the distance from A to the origin O can be 
taken as 

(f = x'^ + y'^. (15) 

The distance d will be called modulus of the twocomplex number x + 5y. 
Since 

ix + y)^ + {x-y)^ = 2cf, (16) 
X + y and x — y can be written as 

X + y = V2dsm9, X — y = V^dcosO, (17) 
so that 

X = dsm{e + 7r/4), y = -dcos{e + 7r/4). (18) 
If n = X + 6y, ui = xi + 5yi, U2 = X2 + 6y2, and u = uiU2, and if 

Vj+ = Xj+yj, Vj- = Xj—yj, 2d^ = v'j_^+Vj_, xj+yj = V^dj sinOj, xj—yj = djV2cos9j, (19) 
for j = 1, 2, it can be shown that 

Vj^ = V1+V2+, V- = V1-V2-, tan 6* = tan tan ^2- (20) 
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The relations (20) are a consequence of the identities 



(xiX2 + 2/12/2) + (xm + yiX2) = (xi + yi){x2 + 2/2), (21) 

{xiX2 + 2/12/2) - ixiy2 + yiX2) = {xi - yi){x2 - 2/2)- (22) 
A consequence of Eqs. ( pO[ ) is that \i u = u\U2-, then 

V = viV2i (23) 

where 

Vj = Vj+Vj-, (24) 
for j = 1,2. If > 0, vi > 0, 1^2 > 0, then 

P = Pip2, (25) 

where 



1/2 
'J ■ 

3 ' 



(26) 



for J = 1,2. 

The twocomplex numbers 
1 + 5 1- (5 

= e_ = (27) 

are orthogonal, 

e+e_ = 0, (28) 

and have also the property that 

e+ = e+, = e_. (29) 

The ensemble e+, e_ will be called the canonical hyperbolic twocomplex base. The twocom- 
plex number u = x ^ by can be written as 

X + = (x + 2/)e+ + (x - 2/)e_ , (30) 

or, by using Eq. ([T^), 

= u+e+ + u_e_, (31) 



which win be called the canonical form of the hyperbolic twocomplex number. Thus, if 



Vj+e^ + fj_e_, j = 1,2, and u = U1U2, then the multiplication of the hyperbolic 



twocomplex numbers is expressed by the relations (pO|). 

The relation ( p3D for the product of twocomplex numbers can be demonstrated also by 
using a representation of the multiplication of the twocomplex numbers by matrices, in which 
the twocomplex number u = x + 6y is represented by the matrix 
/ 

X V \ 

(32) 



X y 
y X 



( \ 


1 




yi \ 


1 






X y 




Xl 








2/2 1 


X J 


\ 


yi 


Xl J 


\ 


y2 


X2 J 



The product u = x + 6y of the twocomplex numbers ui = xi + 6yi,U2 = X2 + 5y2, can be 
represented by the matrix multiplication 



(33) 



It can be checked that 

/ \ 
X y I 

det = u. (34) 

y^y X J 

The identity (^) is then a consequence of the fact the determinant of the product of matrices 
is equal to the product of the determinants of the factor matrices. 



4 Exponential and trigonometric forms of a twocom- 
plex number 

The exponential function of the twocomplex variable u can be defined by the series 

exp M = 1 + u + u^/2\ + u^/3\ + ■■■. (35) 

It can be checked by direct multiplication of the series that 

exp(n + u) = exp u ■ exp u . (36) 

If u = X + 6y, then expu can be calculated as expu = expx • ex.p{5y). According to Eq. (||), 
(^2™ = 1,52™+! =<5, (37) 
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where m is a natural number, so that exp{6y) can be written as 

exp((5y) = cosh y + 6 sinh y . (38) 



From Eq. (38) it can be inferred that 



(cosh t + 6 sinh i)™ = cosh mt + 6 sinh mt. (39) 

The twocomplex numbers u = x + 6y for which v+ = x + y > 0, v- = x — y > can be 
written in the form 

X ^ Sy = e'^^+Syi _ (40) 

The expressions of xi, yi as functions of x,y can be obtained by developing e^^^ with the aid 
of Eq. ( p8[ ) and separating the hypercomplex components, 

X = e^^ coshyi, (41) 
y = e""'^ sinhyi, (42) 
It can be shown from Eqs. (|4l|)-(p2|) that 

1 1 

xi = - ln{v+v^), yi = - In — . (43) 

2 2 f_ 

The twocomplex number u can thus be written as 

u = pexp{5X), (44) 

where the amplitude is p = (x^ — y^)^^^ and the argument is A = (1/2) ln{(x + y)/{x — y)}, 
for x + y>0,x — y>0. The expression ( ^4| ) can be written with the aid of the variables 
d,e, Eq. (|lD, as 

M = /oexp [ -(5 Intan ] , (45) 



,2 

which is the exponential form of the twocomplex number u, where < 6 < Tr/2. 
The relation between the amplitude p and the distance d is 

p = dsm^/^29. (46) 

Substituting this form of p in Eq. (|45|) yields 



dsin^/2 26'exp In tan 6* j , (47) 



which is the trigonometric form of the twocomplex number u. 



5 Elementary functions of a twocomplex variable 



The logarithm ui of the twocomplex number u, ui = In u, can be defined for > 0, f _ > 
as the solution of the equation 



(48) 



for ui as a function of u. From Eq. (45) it results that 



\u.u = In H — (5 In tan 9 
^ 2 



It can be inferred from Eqs. (|49| ) and (20) that 



(49) 



ln{uiU2) = In til + lnti2. (50) 
The explicit form of Eq. (|4^) is 

ln(x + 6y) = ^{l + 5) ln(x + y) + ^{l-5) ln(x - y), (51) 
so that the relation ( |49| ) can be written with the aid of Eq. ( [27| ) as 

Inii = e+ lnf+ + e_ lni;_. (52) 
The power function can be defined for > 0,V- > and real values of n as 

«" = e'^''^". (53) 
It can be inferred from Eqs. ([5^) and (pO|) that 



Using the expression (|5^) for In u and the relations ( |28| ) and ( [29| ) it can be shown that 
(x + byT = ^(1 + 5)(x + y)" + 1(1 - 5)(x - yf . 



For integer n, the relation (55) is valid for any x^y. The relation ( |55|) for n = —1 is 

1 1/1 + 5 1 - (5 

+ 



(54) 



(55) 



(56) 



X + by 2 \x + y x — y , 
The trigonometric functions cos u and sin u of a twocomplex variable are defined by the 
series 



cosu = l-u^/2\ + u^/A\ + 



(57) 



smu = u- u^/3l + nVS! + • • • . (58) 

It can be checked by series multiplication that the usual addition theorems hold also for the 
twocomplex numbers ui,U2, 

cos(ui + U2) = cos ui cos U2 — sin ui sin U2, (59) 

sin(ni + U2) = sin ui cos U2 + cos ui sin U2- (60) 

The cosine and sine functions of the hypercomplex variables 6y can be expressed as 

cos 5y = cosy, sm5y = 5 siny. (61) 
The cosine and sine functions of a twocomplex number x + 5y can then be expressed in terms 



of elementary functions with the aid of the addition theorems Eqs. (59), (pOf ) and of the 
expressions in Eq. (|6l|). 

The hyperbolic functions cosh u and sinh u of the twocomplex variable u are defined by 
the series 

cosh u = l + u^l2\ + n*^/4! + • • • , (62) 
sinhtt = ii + u3/3! + ?iV5! + ---. (63) 

It can be checked by series multiplication that the usual addition theorems hold also for the 
twocomplex numbers ui,U2, 

cosh(ui + U2) = coshui coshti2 + sinhui sinhu2, (64) 

sinh(iii + U2) = sinhiii coshtt2 + coshni sinhn2. (65) 

The cosh and sinh functions of the hypercomplex variables 6y can be expressed as 

cosh(5y = coshy, smh5y = 5 sinh y. (66) 

The hyperbolic cosine and sine functions of a twocomplex number x+5y can then be expressed 
in terms of elementary functions with the aid of the addition theorems Eqs. (|6^), ( |65| ) and 
of the expressions in Eq. (|66|). 



10 



6 Twocomplex power series 

A twocomplex series is an infinite sum of tlie form 

ao + ai + 02 H h On H , (67) 



where the coefficients are twocomplex numbers. The convergence of the series ( pT]) can 
be defined in terms of the convergence of its 2 real components. The convergence of a 
twocomplex series can however be studied using twocomplex variables. The main criterion 
for absolute convergence remains the comparison theorem, but this requires a number of 
inequalities which will be discussed further. 

The modulus of a twocomplex number u = x + 6y can be defined as 

|u| = (x2 + y2)i/2^ (68) 



so that according to Eq. (|15|) d = \u\. Since |x| < < a property of absolute 

convergence established via a comparison theorem based on the modulus of the series (|67| ) 
will ensure the absolute convergence of each real component of that series. 

The modulus of the sum ui + U2 of the twocomplex numbers tti, U2 fulfils the inequality 

\\ui\ - \U2\\ < \ui +U2\ < \ui\ + \U2\. (69) 

For the product the relation is 

|niU2| < A/2|ui||ii2|, (70) 

which replaces the relation of equality extant for regular complex numbers. The equality in 
Eq. ([70|) takes place for xi = yi,X2 = 2/2 or xi = —yi,X2 = —y2- In particular 



In^l < \/2|u|2. (71) 
The inequality in Eq. ( |70| ) implies that 

|^m| < 2(™-i)/2|u|™. (72) 

From Eqs. ( [70| ) and (^) it results that 

law"! < 2"/2|a||^p. (73) 
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A power series of the twocomplex variable u is a series of the form 



ao + aiu + a2U^ H h a^ti' + 



Since 



51 



a sufficient condition for the absolute convergence of this series is that 

hm < 1. 

Thus the series is absolutely convergent for 



\u\ < Co, 



where 



(74) 



(75) 



(76) 



(77) 



(78) 



Co = lim /- , 

The convergence of the series ( |74| ) can be also studied with the aid of the formula (|& 
which, for integer values of I, is valid for any x, y, z, t. If ai = aix + Saiy, and 



Ai+ = aix + aiy, = aix — aiy, 



it can be shown with the aid of relations (E8h and (E3) that 



a/e+ = A+e+, a;e_ = Ai_e-, 



so that the expression of the series (74) becomes 

oo 

J2 {A+v+e+ + Ai_vLe-) , 



1=0 



where the quantities f + , V- have been defined in Eq. (|n 
absolute convergence of the series in Eq. (pTI) are that 



1- \Ai+i,+ \\v+\ \Ai+i_\\v^\ 

lim — f — ; < 1, hm — 7 — ; < 1. 

l^oo \Ai+\ l^oo \Ai_\ 

Thus the series in Eq. (pD is absolutely convergent for 



(79) 



(80) 



(81) 



The sufficient conditions for the 



(82) 



|x + y| < c+, \x — y\ < c_. 



(83) 
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where 



lim 



I A 



i+\ 



lim 



\Ai 



(84) 



The relations (83) show that the region of convergence of the series ( pl|) is a rectangle having 
the sides parallel to the bisectors x = ity. It can be shown that cq = (l/\/2)min(c, c'), where 
min(c, c') designates the smallest of the numbers c,d. Since |np = (v^ + f^)/2, it can be 
seen that the circular region of convergence defined in Eqs. (|77|), ( [78|) is included in the 



parallelogram defined in Eqs. (B3) and (S4). 



7 Analytic functions of twocomplex variables 

The derivative of a function f{u) of the twocomplex variables u is defined as a function f'{u) 
having the property that 

|/(n) - /(no) - f'{uo){u - uo)\ ^ as |n - uo\ 0. (85) 

If the difference u — uq is not parallel to one of the nodal hypersurfaces, the definition in Eq. 
( |85| ) can also be written as 

/ (uo) = lim . (86) 

u^uo U — Uq 

The derivative of the function /(n) = u™", with m an integer, is f'{u) = mu"^~^, as can be 
seen by developing n*" = [uq + (u — uq)]*" as 

m I 

^p!(m-p)! 



and using the definition (|8£ 

If the function /'(u) defined in Eq. (|85| ) is independent of the direction in space along 
which u is approaching uq, the function /(n) is said to be analytic, analogously to the case 
of functions of regular complex variables. Q The function u™, with m an integer, of the 
twocomplex variable u is analytic, because the difference u"^ — Uq^ is always proportional to 
u — uq, as can be seen from Eq. (|87|). Then series of integer powers of u will also be analytic 
functions of the twocomplex variable u, and this result holds in fact for any commutative 
algebra. 
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If an analytic function is defined by a series around a certain point, for example u = 0, 

as 

oo 

/(u) = J2 ('ku^ (88) 

fc=0 

an expansion of f{u) around a different point no, 

oo 

f{u) = Y.Ck{u-uo)\ (89) 

fe=0 

can be obtained by substituting in Eq. ( p^ ) the expression of u'^ according to Eq. ([87|). 
Assuming that the series are absolutely convergent so that the order of the terms can be 
modified and ordering the terms in the resulting expression according to the increasing powers 
of n — Mo yields 

/(^) = E ^^^^^k^in'oiu - u,)\ (90) 
Since the derivative of order k at u = uq oi the function f{u) , Eq. ([8^), is 

f^'Huo) = f:^^^a,^,ul (91) 
the expansion of f{u) around u = uq, Eq. (pO|), becomes 

oo 

/W = E^/^'H"o)(n-uo)^ (92) 

fc=0 

which has the same form as the series expansion of 2-dimensional complex functions. The 
relation (]9^ ) shows that the coefficients in the series expansion, Eq. (^9|), are 

Ck = ^/^'^(^o). (93) 

The rules for obtaining the derivatives and the integrals of the basic functions can be ob- 
tained from the series of definitions and, as long as these series expansions have the same form 
as the corresponding series for the 2-dimensional complex functions, the rules of derivation 
and integration remain unchanged. 

If the twocomplex function f(u) of the twocomplex variable u is written in terms of the 
real functions P{x,y),Q{x,y) of real variables x,y as 

f{u) = P{x,y)+SQ{x,y), (94) 
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then relations of equality exist between partial derivatives of the functions P, Q. These 
relations can be obtained by writing the derivative of the function / as 
1 



lim 



dP ^ dP ^ 
—Ax + —Ay + d 
ox ay 



ox oy 



(95) 



Ax,Ay-»o Ax + 6 Ay 

where the difference u — uq in Eq. (^) is u — uq = Ax + SAy. The relations between the 
partials derivatives of the functions P, Q are obtained by setting successively in Eq. (|95| ) 
Ax — > 0, Ay = 0; then Ax = 0, Ay 0. The relations are 



dP 

dx 



dQ 
dy ' 



dQ _ dP 
dx dy 



(96) 
(97) 



The relations (96)-(|97|) are analogous to the Riemann relations for the real and imaginary 
components of a complex function. It can be shown from Eqs. (p6D-(|97[) that the components 
P, Q are solutions of the equations 

Q2p Q2p 



Qrj.2 Qy2 

dx^ dy^ 



0, 



0, 



(98) 



(99) 



As can be seen from Eqs. (p8D-(p9D, the components P, Q of an analytic function of twocom- 
plex variable are solutions of the wave equation with respect to the variables x,y. 



8 Integrals of twocomplex functions 

The singularities of twocomplex functions arise from terms of the form l/{u — uq)"^, with 
m > 0. Functions containing such terms are singular not only at u = uq, but also at all 
points of the lines passing through uq and which are parallel to the nodal lines. 

The integral of a twocomplex function between two points A, B along a path situated 
in a region free of singularities is independent of path, which means that the integral of an 
analytic function along a loop situated in a region free from singularities is zero, 

j f{u)du = 0. (100) 
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Using the expression, Eq. ([9^) for f{u) and the fact that du = dx + 5dy, the exphcit form of 



the integral in Eq. (100) is 



j) f{u)du = j [{Pdx + Qdy) + 5{Qdx + Pdy)\ (101) 

If the functions P, Q are regular on the surface S enclosed by the loop F, the integral along 
the loop r can be transformed with the aid of the theorem of Stokes in an integral over the 
surface S of terms of the form dP/dy — dQ/dx and dP/dx — dQ/dy which are equal to zero 
by Eqs. (©-(H), and this proves Eq. ([lO0| ). 



The exponential form of the twocomplex numbers, Eq. (44), contains no cyclic variable, 
and therefore the concept of residue is not applicable to the twocomplex numbers defined in 
Eqs. (0). 



9 Factorization of twocomplex polynomials 

A polynomial of degree m of the twocomplex variable u = x + 5y has the form 
Pm{u) = + aiti™""^ H h ttm-lU + Urn, 



(102) 



where the constants are in general twocomplex numbers. If = amx + ^cimy, and with the 
notations of Eqs. (|l^) and ( [79] ) applied for 0, 1, • • • , m , the polynomial Pm{u) can be written 
as 



p 



..m—1 



+ 



v"^ + A^.v^Il'^ + • • • + A^.v. + A 



e_. 



(103) 



Each of the polynomials of degree m with real coefficients in Eq. (103) can be written as a 
product of linear or quadratic factors with real coefficients, or as a product of linear factors 
which, if imaginary, appear always in complex conjugate pairs. Using the latter form for the 
simplicity of notations, the polynomial Pm can be written as 



1=1 1=1 



(104) 
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where the quantities vi-^ appear always in complex conjugate pairs, and the same is true for 
the quantities Due to the properties in Eqs. (^) and (^), the polynomial Pm{u) can 
be written as a product of factors of the form 

m 

Pm{u) = n - + {v- - t;/-)e_] . (105) 

1=1 



This relation can be written with the aid of Eqs. ( |3lD as 

m 

Pm{u) = \{{u-Ui), (106) 

1=1 

where 

ui = e+vi+ + e-vi_, (107) 

for / = l,...,m. The roots vij^ and the roots u/_ defined in Eq. ( |104| ) may be ordered 
arbitrarily, which means that Eq. ( [LOTD gives sets of m roots ui,...,Um of the polynomial 
Pmiu), corresponding to the various ways in which the roots vi-^,vi^ are ordered according 
to I in each group. Thus, while the hypercomplex components in Eq. ( |104| ) taken separately 
have unique factorizations, the polynomial Pmiu) can be written in many different ways as 
a product of linear factors. 

If P{u) = — 1, the degree is m = 2, the coefficients of the polynomial are oi = 0, 02 = 
— 1, the twocomplex components of 02 are a2x = — li'^2j/ = 0, the components A2+,A2- are 
A2+ = -l,A2- = -l. The expression, Eq. (|l03|), of P(tt) is P(n) = e+{vl-l) + e-{vl,-l), 
and the factorization in Eq. (|106| ) isn^ — 1 = (n—tii)(n—ti2), where ui = ibe+ibe_,U2 = —ui. 
The factorizations are thus u'^ — 1 = [u + l){u — 1) and u'^ — 1 = {u + 6){u — 6). It can be 
checked that (±e+ ± e_)^ = e+ + e_ = 1. 

10 Representation of hyperbolic twocomplex com- 
plex numbers by irreducible matrices 

If the matrix in Eq. (|3^ ) representing the twocomplex number u is called U, and 

(108) 



V2 V2 



\ V2 V2 
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it can be checked that 
/ 



X + y 
y x-y 



(109) 



The relations for the variables f+ = x + y,v- = x — y for the multiplication of twocom- 
plex numbers have been written in Eq. (pO[). The matrix TUT^^ provides an irreducible 
representation Q of the twocomplex numbers u = x + 6y, in terms of matrices with real 
coefficients. 



11 Conclusions 

An exponential form exists for the twocomplex numbers, involving the amplitude p and the 
argument A. The twocomplex functions defined by series of powers are analytic, and the 
partial derivatives of the components of the twocomplex functions are closely related. The 
integrals of twocomplex functions are independent of path in regions where the functions 
are regular. The polynomials of tricomplex variables can be written as products of linear or 
quadratic factors. 
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